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In an effort to understand the loss in circulation sometimes cited in connection with 
bluff-body wakes, an estimate is derived for the circulation in the wake of a cylinder. 
Predictions of the dimensionless circulation are comparable to observed values, 
regardless of the velocity profile assumed at the point of separation. This suggests that 
the total circulation generated by a bluff body may have been overestimated in the 




 The purpose of this study is to provide an estimate of the mean circulation generated by a 
bluff body in steady motion through a fluid. Roshko (1954) estimated this circulation to be 
generated at a rate of  per shedding period. Here, C2/)1( 2∞− vpbC pb is the base pressure 
coefficient, and  is the free stream velocity. Bearman and Obasaju (1982) later used the 










where Γ  is the total circulation generated by the body, and D is the body dimension. This 
estimate predicts a total circulation of more than twice that typically found in bluff-body wakes, 
and it is generally believed that half or more of the vorticity is cancelled in the near wake due to 
mixing (Bearman and Obasaju 1982). The fact that Fage and Johansen (1927) were only able to 
account for roughly 60% of the total vorticity nine body lengths downstream, which led them to 
first suggest the mixing of positive and negative vorticity in the wake, appears to be the origin 
of the justification of (1). They later (Fage and Johansen 1928) made detailed graphical 
estimates in the near wake, however, and appear to have adequately accounted for the total 
vorticity to within 10% error. Subsequent studies have shown that only 35~45% of the total 
vorticity predicted by (1) can be found in the near wake (see Cantwell and Coles 1983, Lyn et 
al. 1995). Davies (1976) found that only 26% of the vorticity predicted by (1) is found in the 
wake of a D-shaped cylinder 8 diameters downstream. Wu et al. (1994) reported a value of 
 for the mean circulation of Kármán vortices behind a cylinder at . 
Likewise, in the range , a comparable value of 
5.3)/( =∞vDΓKM 525=Re
22673 ≤≤ Re 1)/( ≈π ∞vDΓKM  is observed in 
the cylinder wake (Green and Gerrard 1993). At , the circulation in the wake of a 
cylinder has been found to be 
51044.1 ×=Re
6.2/ =∞vDΓ  (Cantwell and D. Coles 1983), whereas (1) gave 
an estimate of . The total dimensionless circulation of a rectangular cylinder 86.5/ =∞vDΓ
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with a blunt leading edge was likewise found to be approximately 2.0 (Wood 1967). In a 
computational study of the unsteady wake of a disk, Johari and Stein (2002) obtained a value of 
, which compares well with the experimental value of 6.2)/( =∞vDΓ 5.2)/( =∞vDΓ  
(Balligand 2000). Zdravkovich (1989) characterized the anomalous mixing of positive and 
negative vorticity as “a long standing puzzle.” In what follows, an estimate of the dimensionless 
circulation will be derived using a contour integration that includes the attached boundary layer 
on a circular cylinder in cross flow. Predictions are significantly lower than those of (1) and 
agree fairly well with values cited above. In particular, it can be seen that regardless of the 
velocity profile from the point of separation, the dimensionless circulation generated up to the 
point of separation is near 2.0 for a circular cylinder. 
2. Cylinder Wake Circulation 
 Due to the no slip condition of the attached boundary layer, a bluff body such as a circular 
cylinder transmits a torque to the fluid passing it. This torque sets some region of the fluid in 
motion rotationally. The resulting circulation can be determined by performing the following 
contour integration 
∫ ⋅= dsv)2/1(Γ  (2) 
along the loop  shown in 4321 γ+γ+γ+γ Figure 1. The subscript “(1/2)” in (2) indicates that 
this represents only half of the total circulation generated by a symmetric mean flow about the 
cylinder. The contour integration is performed in 4 parts. On the curve γ1 (see Figure 1), the 
approaching fluid decelerates and stagnates according to the velocity distribution for ideal fluid 
flow past a cylinder (n = 2) or a sphere (n = 3). Along γ2, which terminates at the separation 
point, the velocity is zero due to the no-slip condition. 
 The time-mean velocity on the contour γ3 can be modeled, for example, by a function such 
as the following: 
( ) mqrak arc arce )( )(1 21)( −+ −+−= −∞vv . (3) 
The middle term handles the no-slip condition by bringing the velocity from 0 at the body to 1 
at infinity. The term on the right gives the well-known bulge to the velocity profile (see Figure 
2). Here, a is the radius of the cylinder, and the constants , , q, and m are all positive. This 
“peak” term on the right side of 
1c 2c
(3) has more flexibility to fit velocity profile data than, for 





















cv . (4) 
 Since (3) is to represent the velocity profile at separation, the direction of v is more or less 
parallel to the free stream, as shown in Figure 1. Therefore, the velocity component in the 
direction of γ3 can be obtained by multiplying (3) by θcos , where θ is the separation angle. The 
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Figure 1.  Schematic of integration contour for computing circulation. 
 
 
distance from the center of the cylinder to the contour γ4 will be denoted by . On this contour, 
the magnitude of the velocity is , so its component in the direction along the contour γ
∞r
∞v 4 is 
, where ϕ is the angle (measured from the same direction from which θ is measured) 
required to reach a given point on the contour γ
ϕ− ∞ sinv
4. 
 Referring to Figure 1, the integration in (2) is now rewritten piecewise: 
















































































Making the substitution w  in the integral above shows that it is unbounded if 
. Incidentally, when q  and 
marc2
1≤− qm 2=m , the integrand is a generalization of the vortex 
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Figure 2.  Velocity profiles on γ3 for various sets of curve-fitting parameters.  Labels refer to 
case headings in Table 1. 
 
studied by Scully and Sullivan (1972; see also Sullivan 1975). When the separation angle is 
, the dimensionless circulation is simply the first term on the right side of 2/π=θ (5), namely 
. This can also be seen by noting that the integral of the velocity along γ)1/( −nn 3 is zero in 
such cases. For , therefore, the dimensionless circulation is 2 for a circular cylinder and 
3/2 for a sphere, regardless of the fit chosen for the velocity profile on the contour γ
2/π=θ
3. Figure 2 
shows a wide range of possible velocity profiles on γ3, and Table 1 shows the curve-fitting 
constants used to obtain these curves. Figure 3 illustrates the range of values predicted by (5) 
for the various velocity profiles shown in Figure 2. Here, the final term in (5) is integrated 
numerically. An alternative to the peaking function in (3) that appears to be as adaptable as (3) 













v . (6) 
Although series representations exist for the integral of the term on the right, it is simpler to 
integrate numerically. Furthermore, the integral is simple enough that its behavior can be 
represented adequately by the following function: 
( )267.02220 2 245.011 ccmdxecx xm +=+
∞∫  (7) 
Case (f ) in Table 1 employs (6) instead of (3) for the velocity profile on γ3. 
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 Case (a) Case (b) Case (c) Case (d) Case (e) Case (f ) 
Eq. for γ3: (3),(5) (3),(5) (3),(5) (3),(5) (3),(5) (6),(7) 
k 0.2208 1.5697 2.698 3 3 10 
1c  4.2576 0.5546 0.5611 0.3042 0.1113 30 
2c  2.6104 0.079 0.5207 0.2487 0.0851 7 
q 0.5213 0.897 0.08 0.2651 0.08 – 
m 1.8518 1.947 2.1965 2.6 2.6 4 
Table 1.  Curve-fitting constants for cases plotted in Figure 2 and Figure 3. 
 
 Each point of a given curve in Figure 3 corresponds to a separation point on the cylinder, 
from which the velocity profile is assumed to emanate. However, the velocity profile is not 
assumed to also emanate from all points on γ2 upstream of the separation point; therefore, the 
trend of a given curve in Figure 3 cannot be taken to represent the accumulation of circulation 
with the distance traveled along γ2. It appears from Figure 3 that for most typical velocity 
profiles and separation angles, the predicted dimensionless circulation lies in the range: 
3<<
∞vD
Γ (8) 1 . 
For an 80º separation angle, for example, if one requires that the velocity profile decrease from 
some maximum to a value no greater than  within one diameter of either side of the 
cylinder and to a value no greater than  within 4 diameters of either side of the cylinder, 
then the upper bound in 
∞v1.5
∞v1.2
(8) certainly holds, regardless of the values chosen for the curve-fitting 
constants. At the point of separation on the surface, the tangential velocity should obey the 









⎛ . (9) 
This effect is not modeled by the velocity profiles used in this study; however, its contribution 
to the integrals in (5) and (7) is very small. 
 In summary, the values predicted by (2), implemented herein by (5), are considerably 
smaller than those predicted by (1). This may help explain the “loss” in circulation sometimes 
referred to when using (1). 
 
 5
Under consideration for publication in the 
















Figure 3.  Dimensionless circulation vs. separation angle of a cylinder wake based on 
various possible curve fits of the velocity profile along γ3.  Labels refer to case headings in 
Table 1. All curve fits must pass through 2.0 for a separation angle of  due to the 




 An estimate of the total circulation generated by a circular cylinder is derived by 
integrating the velocity on a loop containing the attached boundary layer up to the point of 
separation. The estimate is weakly dependent upon the velocity downstream of separation. For a 
separation angle of , the prediction is independent of this downstream velocity, being 
 when the approach velocity is modeled by ideal flow about a cylinder (in which 
case the velocity exponent is ). The method, which is based on the assumption that 
circulation is generated only by the attached boundary layer, gives estimates that are closer to 
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